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GEORGE CIPRIAN MODOI 

Abstract. In this paper we call generalized lax epimorphism a functor 
defined on a ring with several objects, with values in an abelian AB5 
category, for which the associated restriction functor is fully faithful. 
We characterize such a functor with the help of a conditioned right 
cancellation of another, constructed in a canonical way from the initial 
one. As consequences we deduce a characterization of functors inducing 
an abelian localization and also a necessary and sufficient condition for 
a morphism of rings with several objects to induce an equivalence at the 
level of two localizations of the respective module categories. 



Introduction 

All categories which we deal with are preadditive, i.e. there exists an 
abelian group structure on the horn sets, such that the composition of the 
morphisms is bilinear. For a category C we denote by C(— , — ) : C° P xC ^ Ab 
the bifunctor assigning to every pair of objects the abelian group of all maps 
between them. All functors between preadditive categories are additive i.e. 
preserve the addition of maps. Consider a small preadditive category hi. 
Recall that a preadditive category with exactly one object is nothing but an 
ordinary ring with identity, therefore small preadditive categories are also 
called rings with several objects. As in the case of ordinary rings, a (right) 
module overlA (or simply, an lA-module) is functor IA — > Ab. All ^/-modules 
together with natural transformations between them form an abelian, AB5 
category denoted Mod(W), where limits and colimits are computed point- 
wise. Moreover the Yoneda functor 

U -» Mod(W), given by U ^ U(-, U) 

is an embedding and its image form a set of (small, projective) generators for 
Mod(W), therefore Mod(W) is a Grothendieck category. This embedding al- 
lows us to identify an object U GW with its image in Mod(W), that is with the 
functor , U). In the sequel we use freely this identification. We denote 
by Hom^(X, Y) the set of all ^-linear maps (i.e. natural transformations) 
between the ^-modules X and Y\ that is Hom w (A",y) = Mod(Z/)(X, Y). 
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Following PQ, a functor between small non-additive categories T : U — » V 
is called a lax epimorphism, provided that the functor 

T* : [V op ,Set] -» [U op ,Set], %X = X o T 

is fully faithful (Here [W op ,<Sei] denotes the category of all contravariant 
functors from U to the category of sets) . We shall use the same terminology 
in the additive case (consequently, replacing [U op ,Set] with Mod(W)). We 
consider now a functor T : U — > C, where U a ring with several objects 
and C is any cocomplete, abelian category. Then there is a unique, up to 
a natural isomorphism, colimit preserving functor T* : Mod(Z^) — > C such 
that T*U{-, U) = TU, for all U £ W. The functor T* has a right adjoint, 
namely the functor 

T* : C -> Mod(W), T*C = C(T-, C) for all C eC. 

The functors T* and T* will be called the induction, respectively the re- 
striction functor associated to T, and the adjoint pair (T*,T*) is said to be 
induced by T. In accord with the above terminology, we call the functor T 
generalized lax epimorphism, if the associated restriction functor T* is fully 
faithful. 

For an additive functor F, we denote by Keri 7 the full subcategory of 
the domain of F, consisting of all objects which are annihilated by F, in 
contrast with ker which denotes the categorical notion of kernel. 

By an abelian localization we understood a pair of adjoint functors be- 
tween two abelian categories, with the properties that the left adjoint is 
exact and the right adjoint is fully faithful. 

Let Q be a ring with several objects. Recall that a localizing subcategory 
in Mod(<7) is a full subcategory closed under subobjects, quotients, direct 
sums and extensions. Obviously, Ker F is a localizing subcategory, provided 
that F is an exact, colimit preserving functor. It is well-known, that a 
localizing subcategory is nothing but a hereditary torsion class, so modules 
belonging to such a subcategory are called sometimes torsion modules. 

Consider a localizing subcategory C in Mod(£). We call C-torsion free 
(C-closed) an object X € Mod(Q) satisfying Homg(L, X) = (respectively 
Homg(L, X) = Extg(L, X) = 0) for all L S C, where Extg denotes as usually 
the first derived functor of Homg. We construct, as in [3], the quotient 
category C = Mod(G)/C together with the canonical (exact) functor Q : 
Mod(£?) — > C, called also the quotient functor, which has a fully faithful right 
adjoint R : C — > Mod(£7). Clearly the pair (Q,R) is an abelian localization. 
Then C is a Grothendieck category, £ = Ker Q and R identifies C with the 
full subcategory of Mod(C?) consisting of all ^-closed modules (also see [3]). 
Note also that Q sends every morphism with torsion kernel and cokernel in 
Mod(<7) into an isomorphism in C, and is universal with this property. In 
particular, if F : Mod(£7) — > A is an exact functor into an abelian category, 
which annihilates all torsion (/-modules, then F factors uniquely through Q. 
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In this paper we characterize a functor which is a generalized lax epi- 
morphism, with the help of a conditioned right cancellation of a functor 
constructed in a canonical way from the initial one; see Theorem 12.21 As 
consequences we deduce in Corollary 12.31 a characterization of functors in- 
ducing an abelian localization, and in Corollary 12.41 an additive version of 
the "Lemme de comparaison" (see (2j Theorem 4.1]), giving a necessary and 
sufficient condition for a morphism of rings with several objects to induce an 
equivalence at the level of two localizations of the respective module cate- 
gories. Note that we shall call conditioned epimorphism a functor satisfying 
the above mentioned conditional cancellation property. First we study such 
functors in Section [TJ the main result being Theorem 11.71 We give also 
applications of our characterizations for some more or less classical cases. 
Thus we deduce the classical results concerning of (flat) epimorphisms of 
unitary rings (Proposition 13.21 and Corollary I3.3p . but also the main result 
of Krause's paper [6], concerning epimorphisms up to direct factors (Propo- 
sition [33]). Another characterization of a functor which induces an abelian 
localization as in Corollary 12.31 is the subject of [8]. Inspired by this ap- 
proach we found in Proposition 14.11 some sufficient conditions for a functor 
to be a generalized lax epimorphism. In addition we discuss an example 
(Example 14. 4p , where we clarify a point which is called "obscure" in [8] . 

1. Generalized closed functors and conditioned epimorphisms 

We fix in this Section the notations as follows: Q is a ring with several 
objects, C is a localizing subcategory of Mod(£/), C = Mod(G)/C is the 
corresponding quotient category, with the quotient functor Q : Mod(Q) — > C, 
having the right adjoint R : C — > Mod(Q). We consider also a morphism of 
rings with several objects S :U — > Q . 

We call generalized C-closed a functor F : Q — » A, into a cocomplete, 
abelian category A, provided that the induced functor F* : Mod(<7) — > 
A annihilates all torsion modules (that is C C Keri 7 *) and F* preserves 
exactness of sequences of the form 0— > M — > N — > L ^ with L € C. 
About the morphism of rings with several objects S we say that it is a 
C- conditioned epimorphism if the equality F o S = F' o S implies F = 
F', provided that the supplementary condition F is generalized £-closed 
holds true. Remark that an this implication, without any supplementary 
condition, means precisely that S is an epimorphism in the category of rings 
with several objects (see Lemma 13.11 bellow). In the next proposition we 
characterize those functors which are generalized £-closed. Note first: 

Remark 1.1. A module X € Mod(Q) is £-closed, in the classical sense, if 
and only if the functor X op : Q — > Ab op is generalized £-closed, explaining 
our terminology. Indeed, it is enough to observe that the induced functor is 
given by 

(A op )* = Hom g (-, X) : Mod(Q) -> Ab op . 
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Proposition 1.2. The following are equivalent for a functor F : Q — > A 
into a cocomplete, abelian category A: 

(i) The functor F : G —> A is generalized C-closed. 

(ii) F*A is C-closed for all A E A, or equivalently there exists F+ : A — > C 
such that F* = R o F+ . 

(iii) F* factors trough Q i.e. there exists F* : C — > A such that F* = 
F* o Q. 

Moreover if these conditions are satisfied, then F* is the left adjoint of F+. 

Proof. (i)=^(ii). Let A £ A and L E C. The isomorphism 

Hom g (L, F*A) A(F*L, A) = A(0, A) = 

shows that i 7 *^ is ^-torsion free. Further we consider a short exact sequence 
O^M^N^L^O, with N projective and L E C. By assumption we 
have F*M = F*N, so 

Homg(M, F*A) ^ A(F*M, A) ^ A(F*N,A) ^ Homg(AT, F*A). 

Using this together with the exact sequence of abelian groups 

= Hom g (L, F*A) -> Homg;(iV, -> Hom g (M, F*A) 

-► Ext^(L, -► Ext^(iV, = 0, 

we deduce Extg(L, F*A) = 0, thus F*A is £-closed. Since R is fully faithful, 
this is property is equivalent to the factorization of F* through R. 

(ii) =>(iii). First we shall show that F*L = for all L E C. Indeed for all 
A E A the isomorphism 

A(F*L, A) Homg(L, F*A) = 

proves our claim. Let now a : M — > iV be a (/-linear map such that 
is an isomorphism. In particular, the cokernel of this map belongs to C, so 
F*a is an epimorphism, since F* is right exact. Moreover, for all A E A we 
have the isomorphisms (in the category of abelian group homomorphisms) : 

A(F*a,A) ^Homg(a,F*A) = Hom g (a, (R o F*)A) ^C(Qa,F+A), 

showing that A(F*a, A) is bijective, therefore F*a is a split monomorphism. 
Thus F*a is an isomorphism, so F* factors through Q. 

(iii) =>(i) is obvious. 

Using the fully faithfulness of R, we have the following natural isomor- 
phisms, for all A E A and all C EC: 

C(C, F+A) Hom g (i?C, (R o F*)A) 9* Hom g (i?C, F*A) 9* A{{F* o R)C, A), 
showing that F* o R ^ F* o Q o R F* is the left adjoint of F*. □ 

In the sequel we want to characterize the conditioned epimorphisms of 
rings with several objects. For an easier reference we recall the following: 
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Lemma 1.3. [5, Section 4] With the above notations, the restriction functor 

S* : Mod(£) -» Mod(W), S*X = XoSforallXe Mod(g) 

has not only a left adjoint, namely the induction functor, which is determined 
uniquely up to a natural isomorphism by 

S* : Mod(U) — ► Mod(<7), S*U = SU (U G U) and S* is colimits preserving, 
but also a right adjoint, respectively the functor 

*S : Mod{U) -> Mod(£), {*SX)G = Hoi% (Q(S—,G),X). 
Consequently, S* is exact and preserves limits and colimits. 

Note that the restriction and the induction functor from the preceding 
Lemma agree with those defined in Introduction, after the identification of 
a ring with several objects with its image in the module category over that 
ring, via the Yoneda embedding. 

Lemma 1.4. If S is surjective on objects, then the restriction functor S* is 
faithful and reflects isomorphisms. 

Proof. Since S is surjective on objects, it follows that X o S = implies 
X = for all X G Mod(C/), what means S* reflects zero objects. By Lemma 
11.31 the functor S* is exact therefore it commutes with images. But such 
a functor (exact and reflecting zero objects) is faithful and reflects isomor- 
phisms. □ 

Lemma 1.5. Suppose that G is a C-closed module, for all G G Q and S is 

surjective on objects. Then the following are equivalent: 

(i) S*oR is fully faithful. 

(ii) Q o S* o 5* = Q naturally. 

(hi) (QoS* o S*)G = QG naturally, for all G G Q. 

Proof. According to Lemma fl.4| S* is faithful, hence the arrow of adjunction 

Hx ■ {S*oS*)X ^X 

is an epimorphism, for all X G Mod(£7). The arrow of the adjunction be- 
tween QoS* and S* o R is given by 

Qmc ■ (Q a S*) o (5, o R)C -> C for all C G C. 

Clearly 5* oR is fully faithful, exactly if Qurc is an isomorphism for all C G 
C, or equivalently [ix has torsion kernel for all >C-closed X G Mod((?). On 
the other hand (ii) is equivalent to the fact ker/Lix G C for all X G Mod((?), 
therefore (ii)^=>(i) follows. 

(i)=>(iii) As we have seen, fix G C for all £-closed X G Mod(£7). In 
particular ker/ig G C for all G G Q. Applying the exact functor Q to the 
exact sequence 

-» ker no -» (S* o 5,)G ^G^O, 
we obtain the desired isomorphism. 
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(iii)=^(ii) For an arbitrary module X € Mod(<7), there is an exact sequence 
in Mod(£) 

We apply the colimits preserving functor S* o 5* (see Lemma 11.3)) , and the 
Ker-Coker lemma for the obtained diagram shows that ker fix is a quotient 
of the £-torsion module ® ker ^jlq. , therefore it is also £-torsion. □ 

Lemma 1.6. Suppose that G is a C-closed module, for all G 6 Q and S is 

surjective on objects. If S 1 * o R is fully faithful, then S is a C- conditioned 
epimorphism. 

Proof. Let F, F' : Q — > A two functors into a cocomplete, abelian category, 
such that F is generalized £-closed, and F o S = F' o S. Then we obtain 
in turn the following natural isomorphisms: S* o F* = S* o Fl, so Q o S* o 
S«oi?, ^ Q o S* o S* o Fl and Q o F* Q o F^ by Lemma O further 
RoQ o F* = R o Q o Fl, so F* = Ro Q o Fl, since F is generalized £-closed, 
equivalently F* factors through i? by Proposition 11.21 From the arrow of 
adjunction lMod(g) ^ ^ ° Q, we obtain a natural morphism 

F # 'A ->(J?oQo F^A F,A for all A € A, 

which induces the isomorphism (S 1 * o Fl)A ^ (S* o F*)A Because S* re- 
flects isomorphisms, we deduce that the functors F* and F^ are naturally 
isomorphic. Therefore F = F' naturally. But F and F' coincide on objects, 
S being surjective on objects. Thus F = F'. □ 

Theorem 1.7. If S : IA ^ Q is bijective on objects and G is a C-closed 
module, for all G E Q, then the following statements are equivalent: 

(i) 5* o R is full. 

(ii) 5* o R is fully faithful. 

(hi) S is a C- conditioned epimorphism. 

Proof. (i)-4=>(ii) is immediate, since both 5* and R are known to be faithful 
and (ii)=^(iii) follows by Lemma ll.61 

For the implication (iii)=^(i), we have to show that the abelian group 
homomorphism 

Hom g (X,Y) -» U.omu(S,X,S*Y) 
induced by S* is surjective for all £-closed X, Y € Mod((/). In order to do 
this, we use the argument of O Lemma 5], observing in addition that the 
functor F : Q — ► .A& op , given by F = X op © Y op is generalized ^-closed. □ 

2. When the restriction functor is fully faithful 

Let T : IA — > C be any (additive) functor, where IA and C are two arbitrary 
(preadditive) categories. Following [6], the functor T has a canonical factor- 
ization T = I o S, where S : W — > Q is bijective on objects and I : — > C is 
fully faithful. Moreover, this factorization is unique up to an isomorphism 
of categories. Actually the objects of Q are the same as the objects of IA and 
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g(U', U) = C{TU',TU), for all U', U EU. The functor S is the identity on 
objects and Su = Tu for all maps u : U' — > U in IA. The functor / is the 
identity on maps and IU = TU, for all U € IA (see [H Lemma 1]). Observe 
that, if T(U) is the full subcategory of C consisting of those objects of the 
form T(U) with U £ IA, then the categories Q and T(JA) are equivalent. 

rpt rp// 

Indeed, if IA — > T(IA) — > C is the factorization of T through its image, then 
S I" 

IA — > — > T"(W) is the canonical factorization of T', where J is the identity 
on maps and I"U = T'U for all U ElA. By construction T' is surjective on 
objects, so we deduce that I" is an equivalence. 

Assume now that the category C is abelian, AB5. The canonical factor- 
ization U — > Q —* C of T induces a diagram of categories and functors 



in which we have obviously T* = I* o S 1 * and = S* o 1% naturally. 

In this Section we consider a functor T : IA — > C defined on a ring with 
several objects with values in an abelian, AB5 category C, together with its 

canonical factorization IA — > Q —* C. Consider also the adjoint pair (T*,T*) 
induced by T. 

Lemma 2.1. With the above notations the following are equivalent: 

(i) The functor T* is faithful. 

(ii) The functor I identifies Q with a generating, small subcategory of C. 

(iii) T{IA) is a generating subcategory of C. 

Moreover if one, since all, of these conditions holds, then the category C is 
Grothendieck, and the adjoint pair (/*,/*) is a localization. Consequently 
Ker/* is a localizing subcategory o/Mod(£7). 

Proof. (i)=>(ii). The functor / is fully faithful by construction, so it identifies 
Q with a (small) full subcategory of C. Let 7 be a map in C such that 7*7 = 0. 
Then T*7 = (S 1 * o 1^)7 = 0, so 7 = since T* is faithful. It follows that 
T is faithful, meaning precisely that Q is a small generating subcategory of 
C. Therefore C is Grothendieck, and (J*,/*) is a localization by Gabriel- 
Popescu theorem. 

(ii)=^(i). The condition (ii) is equivalent to the fact that T is faithful. 
But S* is also faithful, by Lemma 11.41 so the same is true for T* = 5* o I* . 

The equivalence (ii)44>(iii) follows by the above observation, that the cat- 
egories Q and T(IA) are equivalent. □ 

Now we are in position to prove the main result of this work: 

Theorem 2.2. The functor T is a generalized lax epimorphism if and only 
if the following conditions hold true: 



Mod(W) 



T* 



c 




Mod(g) 
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(1) Q generates C; consequently Ker/* is a localizing subcategory of 
Mod(<5) ; and C is a Grothendieck category. 

(2) S is a Ker I* -conditioned epimorphism. 

Proof. Provided that Q generates C (therefore Ker/* is a localizing sub- 
category of Mod(£/)), we shall show that every G G Q is a Ker/*-closed 
(/-module, in order to verify the hypotheses of Theorem 11.71 But / is fully 
faithful by construction, thus we have the isomorphisms: 

g(-,G)^C(I-,IG) = h(IG) = (l*o/*)G, 

for every G G Q, proving our claim. Now we have only to combine Theorem 
O and Lemma EU □ 

Provided that C is a Grothendieck category, we say that T : U — > C sat- 
isfies the Ulmer's criterion of flatness, if for every (finite) set of morphisms 
Ui : Ui — > U in IA, with 1 < i < n, there are objects Vj G IA, with j G J, and 
morphisms Uy : Vj — ► Ui, with i G {1, . . . , n} and j G J, such that for each 
j we have YH=\ u i u ij = an d the sequence 

n 

7V /'!3 ) 0777 i ( ^ ) 777 
jeJ i=i 

is exact. By |15|. Theorem] we learned that the induced functor 

T* : Mod(W) -> C 

is exact if and only if T satisfies the Ulmer's criterion of flatness. 

For a morphism u : V — > (7 in Z7 and a submodule X < U we denote by 
(X : u) < V the inverse image of X through u. Recall from |4j that a (right) 
Gabriel filter on a a ring with several objects IA is a family J = | U €lA}, 
where each $jj is a set of subobjects of U satisfying: 
GF1. U G $u for all U Eli. 

GF2. For every morphism u : V — > (7 in W and every X G ^c/ it holds 
(X : u) G 3v. 

GF3. If (7 G Z7, then a submodule X < C7 belongs to $u, whenever there 
exists Y G with the property {X : u) G 3V f° r an Y morphism 
u : V — > J7 with imn < 7. 
We know that, for every U G IA, $jj is a filter on the lattice of submodules 
of U (that is X, Y G $u X n F G &/ and X G 5c/, ^ < U, X < Y => 
Y G du)- Moreover there is a bijection between localizing subcategories 
of Mod(U) and Gabriel filters on IA, given by C i— > J(jC) for any localizing 
subcategory C of Mod(Z7), where: 

= {X < U | G £}, for all f/eW. 

(For details concerning Gabriel filters on rings with several objects see [H 
Section 2.1]). 

Corollary 2.3. The adjoint pair (T*,T*) induced by T is an abelian local- 
ization if and only if the following conditions hold: 
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(1) Q generates C; consequently C is a Grothendieck category. 

(2) S is a Ker I* -conditioned epimorphism. 

(3) T satisfies the Ulmer's criterion of flatness. 

Moreover if these conditions are satisfied, then C is the quotient of Mod(IA) 
modulo the localizing subcategory corresponding to the Gabriel filter $ in IA, 
where 

$u = {X < U \ T*X = TU naturally}, 

for all U ElA. 

Proof. The necessity and sufficiency of conditions (1), (2) and (3) in order to 
derive that T induces an abelian localization is an immediate consequence 
of Theorem 11.71 combined with the Ulmer's criterion of flatness. For the 
last remaining statement, observe that C is equivalent to Mod(IA) / Ker T* , 
provided that (T*,T*) is a localization. But, for every submodule X < U 
we have U/X G KerT* exactly if T*X ^ TU. □ 

Corollary 2.4. Let P : IA — > IA' be a morphism of rings with several 
objects, and let C be a localizing subcategory of Mod(U'). We consider 

the canonical factorization IA —* Q — > M.od(IA')/C of the functor T = 
T P> c> ■ U -> Mo&{U')/£ given by TU = Q'(PU), for all U £ U, where 
Q' : Mod(Z//') — > Mod(U')/C denotes the quotient functor. Then the func- 
tor P induces an equivalence Mod(U)/C — * M.od(U')/C, for some localiz- 
ing subcategory C ofMod(U), if and only if Q generates Mod(W)/£', S is 
a Ker I* -conditioned epimorphism and T satisfies the Ulmer's criterion of 
flatness. If this is the case, then we have also 

C = {X G Mod(W) | P*X G £'}. 

Proof. Denoting £ = KerT*, the functor P induces an equivalence of cat- 
egories as stated if and only if T induces an abelian localization, therefore 
Corollary 12.31 applies. Moreover if this the case, 

KerT* = {X G Mod(W) | P* X G £'}. 

□ 

Remark 2.5. Corollary 12.41 gives necessary and sufficient conditions for a 
morphism of two rings with several objects IA and IA' to induce an equivalence 
at the level of two localizations of Mod(IA) and Mod(W), respectively. In 
this sense it is an additive version of [21 Theorem 4.1] (see also [SJ Corollary 
4.5]). But it also gives a partial answer to a question occurring naturally in 
|12j : Given two Grothendieck categories, A and B, a pair of adjoint functors 
between them R : A — > B at the right and L : B — > A at the left, and 
a hereditary torsion class T in A, what additional hypotheses should be 
considered, such that {B G B \ LB G T} is a hereditary torsion class? 
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3. Ordinary epimorphisms of rings with several objects 

In this section we shall see how do our result generalize the classical 
case of (flat) epimorphisms of rings (see pTJ or |13j). Observe first that, 
for the localizing subcategory C = of a module category Mod(£?) over a 
ring with several objects Q, every (/-module is 0-closed, and every functor 
F : Mod(£/) — > A into a cocomplete, abelian category A is generalized 0- 
closed. We shall say that the ring with several objects Q 1 has less objects 
than the ring with several objects Q if the cardinality of isomorphism classes 
of objects in Q' is smaller than the one of objects in Q. 

Lemma 3.1. Consider a morphism of rings with several objects S :IA — > Q, 
which is surjective on objects. The following are equivalent: 

(i) S is a 0- conditioned epimorphism. 

(ii) S is an epimorphism in the category of rings with several objects. 
(hi) For every two morphisms of rings with several objects F, F' : Q — > Q' , 

where Q' has less objects than Q , we have F o S = F' o S implies 
F = F'. 

Proof. (i)=>(ii) and (h)=^(ih) are obvious. 

(iii)=>(i). Let F, F' : Q — > A be two (arbitrary) functors into a cocomplete, 
abelian category such that F o S = F' o S . Since S is surjective in objects, it 
follows that F and F' coincide on objects. If we consider Q' = F(Q) = F'(Q) 
(considered as a full subcategory of A), then Q' has less objects than Q. It 
follows F = F' by applying (iii) to factorizations through image of F and 
F' . □ 

An immediate consequence of Theorem 12.21 and Lemma 13.11 is then the 
following well-known characterization of epimorphisms of unitary rings: 

Proposition 3.2. Let A and B be two unitary rings, and let <p : A — > B a 

unitary ring homomorphism. Then (p is an epimorphism in the category of 
unitary rings if and only if the restriction functor 

^ : Mod(£) -» Mod(A), ip«Y = Y 

is fully faithful. 

From Corollary 12.31 follows as well the case of flat epimorphisms of rings: 

Corollary 3.3. With the notations made in Proposition \3.2[ consider the 
adjoint pair {y>*,<p*), where 

ip* : Mod(^) -> Mod(B), ip*X = X® A B 

is the induction functor and 92* is the restriction functor defined above. Then 
this adjoint pair is a localization if and only if tp is a flat epimorphism of 
rings (i.e. is an epimorphism of unitary rings making B into a flat A- 
module). 



GENERALIZED LAX EPIMORPHISMS IN THE ADDITIVE CASE 



11 



Another interesting result concerning lax epimorphisms of rings with sev- 
eral objects makes the object of investigations of Krause's work [6j. In order 
to derive this result from our Theorem 12.21 we need the following: 

Lemma 3.4. Let I : Q — > V be a morphism of rings with several objects, 
inducing a localization (/*, I*). Then I* and I* are mutually inverse equiv- 
alences of categories if and only if G is a Ker I* -closed Q -module, for all 
Geg. 

Proof. The direct implication is obvious since, if I* is an equivalence, then 
Ker/* is 0. 

Conversely, let X € Mod(G) arbitrary. We want to show that the arrow 
of adjunction X — > (J* o I*)X is an isomorphism. In order to do this, apply 
the colimit preserving functor 7* ol* (see Lemma ll.3p to a free presentation 
of X. We obtain a diagram with exact rows: 

©G' ^©Gi -X -0 



0(7, o P)G' 3 0(7, o P)Gi (7, o I*)X 

The first two vertical morphisms are isomorphisms by hypothesis, therefore 
the same is true for the third. □ 

Proposition 3.5. Let T : IA — » V be a morphism of rings with several ob- 
jects, and let IA Q — > V be its canonical factorization. Then the following 
are equivalent: 

(i) The functor T is a lax epimorphism. 

(ii) S is an epimorphism in the category of rings with several objects, 
and 7 induces an equivalence Mod(G) — > Mod(V). 

(hi) S is an epimorphism in the category of rings with several objects, 
and for every object V £ V, there exists a finite set of objects G% € Q 
with maps V{ : V — > LGi -^VinV such that ly = V{. 

Proof. (i)<£4>(ii). We shown in the proof of Theorem 12.21 that G is Ker7*- 
closed for all G G Q. Then the equivalence follows from Theorem [221 Lemma 
13.11 and Lemma l3.4i 

The equivalence (ii)44>(iii) follows by [61 Lemma 4] □ 

Note that a morphism of rings with several objects T :U -^>V satisfying 
the condition (iii) (therefore all) in Proposition 13.51 above, is called an epi- 
morphism up to direct factors in [6]. Thus in Proposition [33] we give another 
proof of the main result in [6] that an epimorphism up to direct factors is 
exactly what we call a lax epimorphism. 

4. A PARTICULAR CASE AND AN EXAMPLE 

We reset the notations and assumptions made in Section [21 namely T : 
U — > C is a functor defined on a ring with several objects, with values into 
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an abelian AB5 category, and U — > Q — > C is its canonical factorization. 
To characterize the situation in which T induces an abelian localization 
(r*,T*), as in Corollary 12.31 is the object of investigations in [8]. Inspired 
by this, we may find some sufficient conditions for T* being fully faithful, as 
may be seen in the following: 

Proposition 4.1. Consider the following conditions relative to T: 

(G) T(U) generates C; consequently C is Grothendieck. 

(F) 7/7 : T(U) — » T(U') is a map in C, where U, U' € U, then there are 
objects Vj (zU and maps uj : Vj — > U and u'- : Vj — > f7' ; tmi/t j € J, 
smc/i i/tai 7Tnj = Tu^- /or a// j € J, and i/ie sequence 

is exact in C. 
Then the have: 

(a) IfT induces a localization then (G) and (F) hold true. 

(b) If (G) and (F) hold then T is a generalized lax epimorphism. 

Proof. Suppose now that T induces a localization (T*,T*). The condition 
(G) follows by Lemma 12. II and Corollary 12.31 We shall derive the condition 
(F) by computing 7 via calculus of fractions: 7 = T*a(T*o~)~ , where a : 
X — > U', a : U — > X are maps in Mod(W), with T*a invertible in C. Chose 
a presentation 

of X in Mod(W), where j runs over an arbitrary set J. For each j 6 J, 
compose the map Vj — > X with a, respectively a, to obtain maps Uj :Vj^U 
and u'j : Vj — > [/', satisfying the property 7Tiij = Tu^-. The required 
exactness of the sequence in (F) follows by the fact that T*a : TC7 — > T*X 
is an isomorphism. 

Suppose now that (G) and (F) hold. The condition (G) is equivalent 
to Q generates C, by Lemma 12. 1^ so KerJ* is a localizing subcategory of 
Mod(<7). In order to apply Theorem l2.2l we want to show that S is a Keri"*- 
conditioned epimorphism. Let now A be a cocomplete, abelian category and 
let F, F' : Q — > A be two functors, such that i* 1 is generalized Ker J*-closed, 
and F o S = F' o S. Then F and F' coincide on objects, since S is bijective 
on objects. Let g : G — ► G' be a map in and let [/,?/' E ^ such that 
SU = G and SET' = G'. Then Ig:TU ^ TU' is a map in C. By (F) there 
exits objects Vj and maps Uj : Vj — > f7 and u'- : Vj — > f7', with j G J, 
such that (Ig)(Tuj) = Tu'j for all j € J, and (Tuj)j^j : ©jgj^Vj - * TU 
is an epimorphism. Since / is fully faithful, we deduce gSuj = Su'j for all 
j € J, therefore 

(Fg)vj = (F o S)u' 3 = (F' o fif)^ = (F'g)vj, 
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where we denoted Vj = (F o S)uj = (F' o S)uj, for all j E J. But the fact 
that (Tuj)j£j is an epimorphism means precisely that the map (Suj)j£j 
has torsion cokernel. Therefore, applying the right exact functor, which 
annihilates all Ker /*-torsion module F*, we deduce that (vj)j^j is an epi- 
morphism, therefore Fg = F'g, so F = F'. □ 

Remark 4.2. In [8j Theorem 1.2] the functor T inducing an abelian local- 
ization is characterized by three conditions, two of which being (G) and (F) 
from Proposition 14.11 above. The third condition denoted (FF) in [5J is a 
particular case of Ulmer's criterion of flatness. 

Remark 4.3. We may also observe that in [8j Theorem 3.7] is given the 
Gabriel filter (called there topology) on U, for which the category C is equiv- 
alent to the quotient category of Mod(W) modulo that Gabriel filter (with 
the terminology of [8j, C is the the category of sheaves over U respecting 
that topology). This filter consists of some submodules (subfunctors) of 
free modules U G Mod(ZY) (representable functors) which are called there 
"epimorphic" . According to [8j Lemma 3.4] a submodule X < U is an epi- 
morphic subfunctor of U if and only if T*X = TU naturally, thus we are 
lead to the same Gabriel filter as in Corollary 12.31 

Example 4.4. We recall an example in [5J, in order to see how our results give 
a more comprehensive approach of phenomena occurring here. Let (X, Ox) 
be ringed space. We denote by PMod(Ox) and SMod(Ox) the category of 
presheaves, respectively sheaves of 0x- m odules. The sheafication functor 
PMod(Ox) — ► SMod(OA') is exact and admits a fully faithful right adjoint, 
so we are in the situation of a localization. Further for all open subset 
A C X, consider as in [8j Section 5] the finitely generated projective presheaf 
Ua associated to A, and denote by Ga the corresponding sheaf, under the 
sheafication functor. Then 

U = {Ua I A is a open subset of X} 

is a generating subcategory of PMod(Ox), and 

Q = {Ga I A is a open subset of X} 

generates SMod(Ox)- Viewing U and Q as full subcategories of PMod(Ox), 
respectively SMod(Ox), we know that PMod(C?A') is equivalent to Mod(W) 
and SMod(Ox) is a localization of Mod(C7). Denote by S the functor U — > Q 
given hy Ua ^> Ga, for all open subsets A C X. The relation between 
Mod(W) and Mod(^) is described in [8, Section 5] as "obscure". Corollary 
12.31 clarifies this relation, by observing that 

U^G ^ SMod(Ox), 

where / is the inclusion functor, is the canonical factorization of the re- 
striction at U of the sheafication functor. Thus S is a Ker J*-conditioned 
epimorphism. 
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